Definition 4.1 (Lipschitz functions). Let (X, d) be a metric space. A func-
tion f : X — R is called L-Lipschitz if | f(x)—f(y)| < Ld(a,y) for allx,y € X.
The family of all 1-Lipschitz functions is denoted Lip(X).
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Definition 4.6 (Wasserstein distance). The Wasserstein distance between
probability measures p,v € P1(X) := {p: f d(x.-)p(dr) < >} is defined as?

[ran- [ ral < ik {dbig)dh

Definition 4.7 (Relative entropy). The relative entropy between probabil-
ity measures v and jr on any measurable space is defined as

D(v||u) = {E“‘u [H o g, f»{’(?) z ﬁ[’iﬂwﬂ 1\ - £ 452
- § &) dy

Theorem 4.8 (Bobkov-Goétze). Let € Py(X) be a probability measure on
a metric space (X,d). Then the following are equivalent for X ~ pu:

Wi(p,v) = sup
feLip(X)

1 f(X) is o° —w:/l)quuss/uu for every f € Lip(X).
”@” 1) < /202D(v| ) for all v. —‘- V\ﬁu&ﬂ*
us
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Lemma 4.10 (Gibbs variational principle).

logE, [e/] = sup{E,,[f] — D(v|p)}.
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Theorem 4.13 (Monge-Kantorovich duality). We have

Wi(p.v)= sup |E,f—E,f|=_ inf Em[dX.Y)]
FELip(X) MeC(p,r)

for all probability measures j,v € P (X) on a separable metric space (X, d).
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Theorem 4.15 (Marton). Let o : Ry — Ry be a conver function, and let
w; : X; X X; — Ry be positive weight function. Suppose that fori=1..... n

inf  p(Em[wi(X.Y)]) < 202D (v||pi)  for all v. P
MeC(pi,v) "

) (4
L o 5 | ’IMM}‘J.
E o(Em[wi(X;,Y3)]) < 20°D(v||pa @ -+ @ pn)  for all v. |

Then we have

inf
MeC(u1 @ Dpn v) £ 1
=
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Corollary 4.16. Suppose that the transportation cost inequality

Wilpiv) < \/202D(v||pi)  for all v

holds for p; on (X;.d;) fori=1..... n. Then the transportation cost inequality

Wilpr @ @ pip.v) < \/'_}UQD{HH;Jl D @ i) for all v

holds for p1y @ --- @ py on (X x---X,,.d.) '“""“"'”f'f"("r Z:l:l "1'2 =L
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Theorem 4.20 (Talagrand). Let X;.....X,, be independent, and suppose

— fly) < Z £)1z, 2y, for all xz,y. |,é(>() "'p{‘d'] l < d’()év\d)

X
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P[f(X) > Ef(X)+1t] < et /2 :cille

P[f(X) < Ef(X) -]

&'ﬁwq X\)”)\Zw indyg , € [/O'I] ¥ o

)

o—t>/2E[T; ci(X)?]

IA N

%(\’“\/A) £ 9H) (’(-3’3 %, —\}L} < |

i M—(x) &i\‘«f o

i

LN\'

¢ (%)

&\/6(1, )&) iy AL WCGMS%‘M | e u %QZ “ )

M P |

June 1 nresentation Paae 5



Definition 4.29 (Quadratic Wasserstein metric). The quadratic Wasser-
stein metric for probability measures . v on a metric space (X.d) is

Wao(pv):= inf E[d(X,Y)2.

MeC(u,v)

Corollary 4.30 (T,-inequality). Suppose that the probability measures ji;
on (X;.d;) satisfy the quadratic transportation cost (713) inequality

“@/ll‘,.l/) < V202D(v||pi) for all v.

Then we have

Wo(p1 @ - @ pn.v) < \/202D(I/|/11 e @ pyn)  for all v

on (X3 x -+ X Xn.w.
\{(X) = Y Wy

v

Ik )

Theorem 4.31 (Gozlan). Let ;i be a probability measure on a Polish space
(X,d), and let {X;} be i.i.d. ~ p. Denote by dyp(x,y) := [211:1 d(xy, y;)?]M/?
the Euclidean metric on X™. Then the following are equivalent:

1. i satisfies the Ts-inequality on (X.d): TKMWV'(I INJ’ .
Wa(p,v) < \/202D(v||p)  for all v. ) l/
0

2. u=™" satisfies the Ti-inequality on (X™.dy) for every n > 1: W
W (p®", v) < /202D (v||u®™) for allv, n > 1.

3. There is a constant C' such that

PIf Xy s Xn) =B Xy Xp) 28] < Gt 89

—_—

for everyn > 1, t > 0 and 1-Lipschitz function f on (X".dy).
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